Introduction.

We are all familiar with vector spaces and their basic properties. We understand linear operators, dot
products, and maybe even norms. What the reader may not be as familiar with, however, is the concept
of numerical range. For any operator T : (V,< -,- >) — V, where V is a vector space with inner product
< -,- >, we define the numerical range of T as:

W(T) ={< Tv,v>:veV|v| =1}

This definition holds in both finite and infinite dimensions. One should note that the numerical range of T’
is a collection of scalars, unlike the range of T', which is a collection of vectors.

This thesis mainly concerns numerical ranges of linear operators acting on Hilbert spaces. Informally
speaking, a Hilbert space H is an inner product space in which Cauchy sequences converge. We will give
a rigorous definition later in the paper. Numerical ranges have many interesting properties. For instance,
if T : C> — C2%, W(T) will always be an ellipse! Perhaps even more interestingly, if 7 happens to be
self-adjoint, W(T") will be a line segment regardless of the space on which T' operates.

But really, who cares? Beyond mathematical fun, why should we spend time studying numerical range?
It can be quite difficult to calculate, often seemingly impossible. Is it worth the bother? Actually, it’s a
matter of national security! While that is a bit of an overstatement, it is nonetheless true that numerical
range has ties to quantum computing. In particular, it informs the idea of quantum error correction (see,
e.g. [4, Thm. 10.1]).

In 2001, Professor John Terilla proposed a problem based on his work on quantum error correction: if one
is given a set of linear operators S := {T'|T': H — H}, can one find a subspace M of large dimension such
that when T € S is compressed to M, the resulting operator on M will have a single point numerical range?
Further, how can one maximize the dimension of such a subspace M? It is this question that interests those
studying quantum error correction.

In this paper, we will not address this question in terms of sets of operators. Rather, we will study
the case of the numerical range of a single operator T : H — H when compressed to a subspace M. By
“compressed to a subspace M,” we mean that T" takes M as its domain, and for m € M, T'm is projected
onto M, resulting in an operator mapping M into itself. We denote this compression by Ths. To rephrase
our problem using this new notation, we are studying operators 7' : H — H and subspaces M C H such
that W (Tys) is a single point. We will scrutinize the properties of T' that affect W (T).

In particular, we are going to study what effect the eigenvalues of T have on W (T)s). Eigenvalues are
very closely related to the study of numerical range. For example, if M = H and W (Ty) = {a}, we find
that T = al, so a is an eigenvalue of T'. Even if M does not equal H, so long as W (T) = {a}, we find
that « is an eigenvalue of T);.

These are fine observations, but how do they help us find appropriate subspaces M of large dimension?
It turns out that knowledge of the elgenvalues of T helps us put upper bounds on the dimension of any M
such that W (Tys) = {a}. We will find that if W(Ty) = {o} and dim M > % dim H, then a must be an
eigenvalue of T. Further, if W(T)s) = {a} for a an eigenvalue, the multlphmty of a helps us determine a
bound on the dimension of M.

While bounding is helpful, it does not always confirm when we have found an M of largest dimension for
which W (T') is a single point. At the conclusion of this paper, we will prove a theorem that, once we have
found one M, will help us augment that M to a subspace of even larger dimension. In this way, we can
approach the upper bound.

We will begin the paper with a review of concepts from linear algebra. These concepts lay the groundwork
for our more complex results. We will also introduce the concept of operator norm, since it will be useful in
a study of numerical range. For T': H — H, we define the norm of T as

||| = sup{||Tv|| : v € H, [[v]| = 1}.
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We will study this concept further in the body of the paper. From there, we will move into a general
introduction of numerical range, with analysis of some of its important properties. Finally, we will address
Professor Terilla’s problem and conclude with an example in which we use our augmentation theorem.

Background.

Before encountering the real work of the paper, the reader should recall a few simple definitions and ideas
from linear algebra:

Definition 1. An inner product space (V,< -,- >) is a vector space V over the complex field on which there
is a function < -,- >: V x V — C, called an inner product, satisfying the following five conditions:

1. <v,v>>0VvevV;

<wv,v >=0 if and only if v = 0;
<Mw>=A<v,w>Vov,weV and ) € C;
<v,w>=<w,v>VYu,weV,
<vtw,u>=<v,u>+<w,u>VuuvweV

AN

We have chosen to work with complex inner product spaces, since this thesis will focus in that area. The
reader should be aware, however, that one can also work in real inner product spaces. The only differences
are that < -,- > maps into R and condition (4) becomes < v,w >=< w,v > for all v,w € V.

As a specific example of a complex inner product, recall that in C", we define the inner product of two
vectors v = (v1,v2, - ,Up) and w = (w1, wa, -+ ,Wy,) as

<V, W >= W1 + VW2 + - + Vp Wy,

We can also define an inner product on the space of complex-valued continuous functions on [0,1] as

1
< fg>= /0 f(z)g(z)da.

While there are many ways to define an inner product, they all share certain characteristics. For instance,
they all induce norms:

Definition 2. A normed linear space (V,|| - ||) is a linear space V' together with a function || - ||: V — R
called a norm satisfying the following four properties:

L [|[v]|>0VveV;

2. || v ||= 0 if and only if v = 0;

B[ A|=Al|lv] forallveV and A € C;

4. |lv+w||[<||v ]| + || w] for all v,w € V (triangle inequality).

Theorem 1. An inner product will always give rise to a norm. If V is an inner-product space, then we can
define a norm on 'V by || v ||= /< v,v> forallveV.

It is easy to show that the norm arising from the inner product satisfies the first three properties of the
norm. To see that it satisfies the last property, we will need the folléwing theorem:

Theorem 2. Cauchy-Schwarz Inequality: Let v,w € V, where V is an inner product space. Then
|<v,w>[<|| v [l w],

where equality holds if and only if one vector is a scalar multiple of the other.
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Proof. We will first prove the inequality, relying on a proof in [5]. Let w € V. If w = 0, the result follows
immediately. Suppose w # 0 and suppose for now that || w ||= 1. We have

0 < |Jv—<vw>wl?
= < v1—<vw>w,v—<vw>w>
= <> —<Kw>SWw>—<w>Iow>+<vw>ow><w,w >
= <v,v>—<v,w><Uv,w>
= [[vl’=Il<v,w>]*. (¥

Therefore, we have |< v,w >|?<|| v ||?>. Now pick an arbitrary p € V\{0}. Therefore, || p ||# 0, so we

can let u = Wg_ll' Thus, || u ||= 1. By the first part of the proof, we then have |< v,u >|<|| v ||. Since
[<v,u>|= %’ﬁz—l, the result follows.
To prove the equality clause, suppose there exists a € C such that v = aw. Then
| <v,w>| = |<ow,w>|
= |la<w,w>|
o | w |2
= o |wllf w
= Jlaw]w]
= lolllfwl,
as desired.
Now suppose v,w € V are such that | < v,w > | =|| v ||| w || Without loss of generality, assume

v, w € V\{0}, since if either were 0, one vector would be the scalar 0 times the other. For now, also assume
that || w ||= 1. By equation (*) above, we have

0 < |v=<v,w>w|?
= [lvl*=I<vw>
[0]> = flo]*lw]|*  (by hypothesis)
l[oll? = [lo]?
= 0,

where the second to last inequality comes from the assumption that w is a unit vector. Thus, we know that

0= |jv— <v,w > wl|?

which implies

(1) v=<v,w>uw.
Therefore, v is a scalar multiple of w. Now let p € V\{0} and suppose | < v,p > | = ||v||||p||. Note ||p| # 0.
We have
| <v,p>[ = |l
| <v,p>|
—r— = I
I |
D
| <v, 7= >1 = |l
|| I 2l

where the last equality comes from the fact that ﬁ is unit vector. We know by Equation 1 that

P P
I~ Tiell

L]

v=<Uv,—
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Rewriting this equation slightly, we see that
p
vV=<U0U,—= >D
B
so that v is indeed a scalar multiple of p. O
Now we are ready to prove that the norm arising from the inner product satisfies the triangle inequality.

Proof. For v,w € V, we have

V<v+tw,v+w >
V<vo>+<v,w>+<wu>+ < w,w>

VIlv P+ wl?+<v,w>+<wv>
VIvIP+2[[vflllw ]+ w]? (Cauchy — Schwarz)
loll+lwl.

[v+wll

I

IN

a

The reader is familiar with several normed spaces: R™ and C", for instance. Much of the work in this
paper will take place on a larger class of normaed spaces, known as Hilbert spaces:

Definition 3. A Hilbert space is an inner product space that is complete in the norm induced by the inner
product.

Some of these terms may be unfamiliar. “Complete in the norm” means norm-Cauchy sequences converge.
We will now define norm-Cauchy sequences:

Definition 4. The sequence (v,) of vectors is norm-Cauchy provided that ¥V ¢ > 0,3 K € Nsuch that if
n,m > K, then || U, — U ||< €.

For example, C" is a Hilbert space. To see this, let X = (Z%) be a sequence in C". Note that each term T
of X is really a vector: Ty = (vk,,Vk,," " ,Vk,), Where vy, € C,j € {1,2,--- ,n}. Suppose X is Cauchy. We
can break X down into component sequences. For example, consider X7, the sequence of all first components
of the elements of X. It is easy to see that this sequence must be Cauchy: Let € > 0. Because X is Cauchy,
3 K > 0 such that if m,n > K, then || Z, — &, ||< e. It will also be true, then, that if v,,, and v,, are
terms of X; and m,n > K, then || vy, — vn, [|<|| Zm — Zn ||< €. Thus X is also Cauchy. This argument
holds for all X;, where j € {1,2,---,n}. Now, we can think of a sequence X; in C as two sequences in
R. An argument similar to the one above shows these sequences will also be Cauchy. They converge since
Cauchy sequences in R converge. This forces X; to converge for j € {1,2,---,n}, which in turn forces X to
converge. !

A possibly less familiar Hilbert space is £2:

Definition 5. 2 is the space of all square summable sequences of complex numbers:
oo
{(an)sy : an € CV nand Z lan)? < oo}
n=0 ;

For example, (#1)3":0 is a square summable sequence, as is easily verified using, say, the integral test.
Thus, the sequence is an element of £2.

Propostion 1. If we define < @,b>= Z;‘io ajb_j for @ = (ap,a1,as2,---) and b= (bo,b1,ba,---) in (2, then
(£2,< -,- >) is a Hilbert space.
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Proof. First, we’ll show that ¢2 is a vector space. Let @ and b be in 22, and let ¢ € C. We have cd =
(cap,caq,---), and

oo [e)
Y leanl® =11 lanl?,
n=0 n=0

which converges, so ca@ € £2. Next, observe

o0

D lan+bal* <> (lanl + [ba])?
n=0

n=0
oo

= Z(lanl2 + 2|an||bn| + [bn|?)

n=0

)
> (lanl* + 2lan|lba] + bal® + (lan] = bn])?)

IA

n=0
00

= Z(2lan|2 = 2|bn12),
n=0

which converges, so @ + b € 2. Since @ and b are arbitrary, £2 is a vector space. .
Next, we’ll show ¢? is an inner product space. To do this, we’ll begin by showing Z;io ajb; € C when

@,b € £2. Claim (E;c:o a;b;)$2, is a Cauchy sequence. To prove the claim, let € > 0. Choose K € N such
that 3222 ;- la;]> < e and 3772 [b|* < e. For m >n > K, we have

m n m
D_asbi =Y abi| = | ) asb;
j=0 j=0

IA
g
&
QQ"

j=n+1
m m
< > el | Do 1612
Jj=n+1 \j=n+l
oo m
< oo lal2 ] D bl
j=n+1 \j=n+1
< €

by choice of K. Hence the sequence is Cauchy and therefore converges to a complex number. It is easy to
verify that the five properties of inner products hold.
Finally, we’ll show ¢2 is complete. Suppose (@,) is Cauchy in £2. Let

6-7:1 (aIOaall,"')7
dz = (ago,a21, "),
d3 = (0,30,(131,"'),

and so on. Let k € Z>o. We claim that (ajk);?‘;l is Cauchy. (For example, (ajo, a2, ) is Cauchy.) To
prove the claim, observe that since (@) is Cauchy, Ve > 0 3 L > 0 such that if m,n > L, || @, — @ ||< €.




Hence, we have

\/<5n—5m,d'n—dm> < € so that

This implies that \/(ant — amkr)? < €, which means |apr — ami| < €. The claim follows.
By the completeness of C, for each k, 3 ar € C such that lim;_,(ajx) = ar. Let @ = (ap,a1,---) =
(ar)$2,. Claim @ € f2andlim(d@,) = @. To prove the claim, let € > 0. Since (@,) is Cauchy in ¢?, 3 L such

that if m,n > L, || @y, — @y, ||< €. Observe that this is the same as writing \/Z;io |amj — @nj|? < €. Observe

that for each integer ¢, we have

By the monotone convergence theorem, \/ Z?‘;O |am; — aj|? < e. The work above shows that (@, — @) is
square summable, which means (@,, — @) € £2. In fact, || @n — @ ||< €. Since @ = @, — (@, — @) € £%,d € £2.
By definition of limit of a sequence, (a@,) converges to a. O

We will now look at some examples of operators on £2 and other Hilbert spaces.

Definition 6. A linear operator on a Hilbert space H is a function T : H — H such that

1. T(z+y) =Tz + Ty for all z,y in H, and
2. T(cx) =Tz for allc in C and z € H.

For example, any n X n matrix mapping C™ to C” is a linear operator. In fact, any linear operator from
C™ to C™ may be realized as an n x n matrix. We now introduce two basic linear operators on £2:

Definition 7. Let S : £2 — £2 be given by Sa = (0,a9,a1,---), where a = (ag,a1,as,---) € £2. We call S
the forward shift operator.

Definition 8. Let B : ¢?> — £2 be given by Ba = (a1,as, - ), where a is as in the preceding definition. We
call B the backward shift operator.

We can think of S and B as infinite dimensional matrices:

0 0O
1 00
S=101 0 , while
01 0--
0 0 1--




Propostion 2. Spse T : H — H is linear and < Tv,v >=0Vv € H. Then T = 0.

Proof. For all v,w € H, we have
0 = <Tw+w),(v+w)>
= <Tv,w>+ <Tw,v > .(¥)
Similarly, Vv, w € H,
0 = <T(w+iw),(v+iw)>
= <Tv,iw >+ < Tiww,v >
= —i<Tv,w>+i<Tw,v>
= (< Tw,v>—-<Tv,w>),

which implies < Tw,v > — < Tv,w >= 0. Adding this equation to equation (*), we have that < Tw,v >= 0.
Since this holds for all v, it holds when v = Tw. This implies Tw = 0 for all w, so T' must be the zero

operator. L]
Definition 9. The operator T : H — H is bounded on H provided 3 C > 0 such that

[Tvl<Cllvll
VveH.

Definition 10. The operator T : H — H is continuous at a point vg € H provided thatV e > 0,3 >0
such that if v € H is such that ||v — vo|| < 6, then || T'u —Tv ||< €. We say T is continuous on H if T is
continuous at every point of H.

The following is an important theorem linking boundedness to continuity:

Theorem 3. Spse T : H — H is linear on the Hilbert space H. The following are equivalent:

1. T is continuous on H;
2. T is continuous at 0;
3. T is bounded.

Proof. Clearly, (1) = (2). To see that (3) = (1), let ¢ > 0, and fix vo € H. Since T is bounded, there
exists C' > 0 such that for all v € V, || Tv [|[< C || v ||. Choose d > 0 such that 6 < &. Let v € H be arbitrary

such that || v — v ||< §. We have
| Tv —Two || [ T(vo =) |
Cllv—-wl

€

<
<

Since v is arbitrary, this implies 7" is ‘continuous at vy. Since vy is in turn arbitrary, T' is continuous on H.
In fact, T is uniformly continuous on H—the preceding argument shows that ||Tv — Tw| < C|jv — w|| for
all v,w € H, so that T is in fact Lipschitz.

To see that (2) = (3), let € > 0. Because T is continuous at 0,3 § > 0 such that whenever v € H
satisfies || v ||< 5 then | Tv ||< e. Let w € H\{0}. Observe by our choice of 4, || T'($ Twy) II< €. Hence, we

may choose C = 2¢, and we will have | Tw ||< C | w ||, making T bounded O
We are now in a p051t10n to introduce the concept of an operator norm.
Definition 11. Spse T : H — H is linear. Then the norm of T, denoted || T ||, is given by
I T l|=sup{|| Tv ||: v € (H)1},
where (H); = {v e H :||v|=1}.
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Example 1. Find the norm of T : C* — C2?, where T = [ ; ? ]

Let v € (C?);. Thus, v = (v1,v2) such that \/|v1|? + |v2|? = 1. We have

[z 10 )

Vvi + 2022 4 [2v;1 + vo?

IN

VT +20aD2 + @l + oal)?  (triangle inequality)
V/5lv1|? + 8Jv1||vg| + 5|va?
= v/ 5 + 8|’U1|!’U2|.

To obtain an upper bound on the norm, we will find sup{|v||ve| : |v1|? + |ve|?> = 1}. Substituting |v;| =

/1 —|uz|?, we have

Il

[vi]lvz] = V1= |v2]?|ve],

and a little calculus shows f(r) = rv/1 — r? has maximum value % on [0,1]. Thus, we see that 3 is an upper
bound for ||T||. To see that |T|| = 3, note T(—\};, %) =3.
Example 2. For S the forward shift on £2, ||S| = 1.

For any unit vector ¥ € £2, |Sv|| = 1. To see this, let ¥ = (v, v1,v2,--+) € (£?);. Then

[Soll = 11(0,v0,v1, 02, )

Since v € (¢£2); was arbitrary, we have that ||S|| = 1.
Example 3. For B the backward shift operator on €2, ||B|| = 1.

First, note that for any unit vector 7 in £2, || Bv|| < 1. To see this, let ¥ = (v, vy, vs,---) € £2. We have

[Bull = [l(vi,v2,v3,---)ll
oo
= D12
; \&
< LDl 2
2
= vl
1.

Since v is arbitrary, we have that |[Bv| < 1, implying ||B|| < 1. Now, observe that @ = (0,1,0,0,---) is
a unit vector in ¢? and that ||[Bw|| = 1. Thus, 1 is the least upper bound for {||Bv|| : v € (¢£2);}. Thus,
1Bl = 1.

Lemma 1. Let T : H — H, where H is an n-dimensional Hilbert space. Then || T || is finite.




Proof. Since H is n-dimensional, we can think of 7" as an n X n matrix:

a1 a2 -+ Glin
T =
anl ia s “ee Apn
We will let 7; = (aj1,a52,- -+ ,a;n) for j € {1,2,--- ,n}. Now, let ¥ € (H);. We can write v = (v, va, -
We have
[ a11 a a e
11 a2 in e
ITol = |
a DY .« .. a :
L Ynl nn Un,
[ < 1,V >
< To,v >
| <Th,v >

= VI<KTLUSPZH|<Fv >+ 4 < Thyv >)2
< ViAo +TR 2o 2+ + 1 7 |2 v 2
= VIAPR+1R2++ ] 7|2

Since U € (H); was arbitrary, we have found an upper bound for ||Tv||. Thus, || T || is finite.

Lemma 2. Let T : H — H be linear and have finite norm. Then for allve H, | Tv ||<|| T |||| v ||-

Proof. Since the inequality of the lemma clearly holds if v = 0, let v € H\{0}. Then

1 Izol = 7ol 2]
‘ = [ ()l e
} < Iz,

where the last equality comes from the definition of operator norm.

O

Observe this lemma shows us finiteness of norm is equivalent to boundedness, which is equivalent to

continuity by Theorem 3. Thus, we have the following theorem:

Theorem 4. Let H be a finite dimenisional Hilbert Space, and suppose T : H — H 1is linear. Then T is

continuous on H.

However, one should note that linear mappings on infinite dimensional spaces need not be continuous.
For instance, let h : C([0,1],< -,- >) — C be given by h(f) = f(3). Here, for f,g in C([0,1]), we will, as

before, define the inner product:

1
(2) < f,g>= /0 f(x)g(z)dz. '

i Thus,

1
I £ = /0 |f(z)|2dz.
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Note C([0,1]) is infinite dimensional (e.g. the set {z + 1,z + x,z + z2,---} is a linearly independent
set of functions in the space) and that h is clearly linear. However, h is neither bounded nor continuous.
To see this, we need only look at unit vectors in C([0,1]). These are vectors f such that the area under the
curve f2 is equal to 1. We can make h(f) as large as we please by choosing the unit vector f correctly. Let’s
look at a simple example. Consider a graph of f that is 0 on all of [0, 1] except near % On either side of %,
the graph slopes linearly upward, forming a triangle with upper vertex at (%, y). We can make y whatever
we please by making the triangle wider or narrower. Thus, h is not bounded. By Theroem 3, this implies h
is not continuous.

The space of continuous functions on [0, 1] with the inner product (2) is not a Hilbert space because it
is not complete. It is possible to construct non-continuous linear operators on infinite dimensional Hilbert
spaces; see, e.g., [6, p.10].

We now define numerical range:

Definition 12. Spse T : V. — V, where V is an inner product space. Then the numerical range of T,
denoted W (T), is given by

W(T) = {< Tv,v>:v e (V)i}
Example 4. Spse I : C* — C" is the identity mapping. Let v € (C™);. Then

< Iv,v >=<v,v >
=<v,v >
=1.

Since v was an arbitrary unit vector, we have that W(I) = {1}.
Thus, we see that the numerical range of the identity mapping is {1}.

Example 5. Let T : R? — R? be given by

5 4
T= [ - ] .
Note that we have moved into the real setting for this example.
Let v € (R?);, where v = (v1,v2). Thus, 1 =|| v ||= /] v1 |? + | v2 |2. We have
_ 5v1 + 4vo U1
<Tv,v>=< [ Ay o+ B, ] ; [ i ] >

=5|u |2 +4vyv5 — dvyve + 5 | vo |2
/ =5(lv P+ v ) =5
Since v € (R?); is arbitrary, we have that W (T) = {5}.

Note that if the matrix of Example 5 mapped C? — C2, it would have a different numerical range because
we would have to use a different inner product. In fact, by Theorem 7 below, it would be an ellipse, with
foci at the eigenvalues of T'.

For the remainder of the paper, we will consider only complex Hilbert spaces.

Example 6. Let a € C, and let T : C? — C2 be given by
0 a
T—[O 0].

Then W (T) is a closed disk of radius %
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Choose a € R such that a =| a | e*. Let (21, 22) be an arbitrary unit vector in C? and set r =| z; |. It
follows that there are real numbers #; and @ such that z; = re®* and 2o = /1 — r2¢%%2, since | z; |? + |
29 |?= 1. Thus, we have

< (az,0), (21, z2) >

a2271

| a| V1 —r2eile+d2—61)

< T(z1,22),(z1,22) >

Because (z1, 2z2) is arbitrary, we see that

(3) W(T)={la|rV/1-72%:0<r<1,0<6<2n}.
Let’s find the maximum value of the absolute values of the elements of W(T'). To do this, since | € |= 1,

take the derivative of 7 — 7v/1 — r2 and solve to find that it obtains an extreme value on [0,1] at r = %

This tells us that the maximum value of the absolute value of an element of W(T') is % Note % e W(T)
by choosing r = 22 and # = 0 in equation (3). Also, note 0 € W(T'), occurring when r = 0 or r = 1.
Because rv/1 — r? is continuous on [0, 1], which is a connected set, the image of [0,1] is connected under
r +— (rv/1 — r2). Therefore, the line segment connecting 0 and % is in W(T'). Letting 0 vary between 0 and
27, we see that W(T') is the closed unit disk of radius .

We will see more examples later. However, we will first pause to establish some general properties of the
numerical range.

Theorem 5. Suppose T : H — H, and suppose T is bounded and linear. Then W (T) is bounded; in fact,
W(T) € {z: 2z [<| T |}

Proof. Let v € (H);. We have

| <Tv,v>| < || Tv|||| v | (Cauchy — Schwarz)
< T )P (Lemma2)
= 7).
Since v € (H); is arbitrary, we have that | < Tv,v > | < ||T|| for all v € (H);. Thus, W(T') is bounded; in
fact, it is contained in the closed disk of radius ||T'|| centered at the origin. O

Theorem 6. Suppose T : C* — C" is linear. Then W(T) is closed.

Proof. Since T acts on finite dimensions, 7" is continuous by Theorem 4. Now, let w be a cluster point
of W(T). By definition, there exists a sequence (w,) € W(T') converging to w. Observe Vn € N,w, =<
Tvp,v, > where v, € (C");. Because (v,) is bounded, it has a subsequence (v,,) of unit vectors that
converges to some unit vector, call it v. Because T' is continuous, T'(v,,) converges to Tw. Claim <
Tvy, ,vr, > converges to < Tv,v >. To prove the claim, let € > 0. Then 3 k; > 0 such that if n > kq,
I vr,, —v < sqreqsy- Similarly, 3 k2 > 0 such that if n > ky, then || T'v,,, —Tv ||< §. Let K = sup{ki, k2}.
Then if n > K, we have

< Tvy,,vr, >—<Tv,o>|| = |<Tv,,vr, >—<Tv,v,, >+ <Tv,v., >—<Tv,v>|
= ||< Ty, —Tv,v, >+ < Tv,v,, —v>|

< |I< T, — Tv,vy, >|| + ||I< Tv,vy, — v >| (Triangle Inequality)
< | Tv., =Tv ||| v, || + | Tv |||l v, — v || (Cauchy — Schwarz)
€ €
< ShTv| (ot
< 717 (g7ree)
< €
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The claim follows. Because (w,) has a subsequence converging to < Tw,v >, (w,) must also converge to
< Tw,v >. Since v is a unit vector, < Tw,v >€ W(T). Since sequences converge uniquely, w =< Tv,v >.
Because w is arbitrary, W(T') contains all its cluster points. Therefore, W (T') is closed. O

Lemma 3. Let T : H — H be linear, and suppose X is an eigenvalue of T. Then A € W(T).

Proof. Let X\ be an eigenvalue of T', and let “3—” be a corresponding normalized eigenvector. Observe ﬁ €
(H)1. We have
v v v v
—y > = <A, —
ol o o ll" vl
. <Y v
Foll [ ol
= A
Hence A € W(T'). Since A is arbitrary, this is true for all eigenvalues of T'. O

Recall the following definition:

Definition 13. Let T : H — H be a bounded linear operator on the Hilbert space H. Then the adjoint
operator for T, denoted T*, is the unique bounded operator on H such that < Tv,w >=< v,T*w > for all
v,w € H.

For a proof of the existence of 7%, see [3]. One can easily check that if one has a matrix representation
for T, T* is the conjugate transpose of 7.

Note that B is the adjoint operator of S. One can verify this property using matrix representations
for S and B. We choose instead to use a direct proof: Let @, € ¢2, where ¥ = (vg,v1,v2, ) and
W = (wo, w1, ws, -+ ). Without loss of generality, assume neither ©' nor 1 is the zero vector. By definition of
adjoint operator, we have

w> = < Sv,w>
= < (0,vp,v1," ), (wo,wy,wa,-+) >
= VWi + v1W2 + VW3 + - -
Now, note that we also have
<U,BU> = < (vo,v1,v2, "), (w1, w2, w3, ) >
= YW1 + VW2 + VW3 + --- .
Since 7, W are arbitrary, we have that for all 7, € £2,
<7,S*W> = <UBW>
< v, (S*-Bw> = 0.
Since w and v are arbitrary, we have that S* = B. For the remainder of the paper, we will refer to B as S*.

Lemma 4. Let T : H — H be a bounded linear operator on the Hilbert space H, and let T™ be the adjoint
operator of T. Then W(T*) is the reflection of W(T') across the real axis.

Proof. Note that W(T') = {< Twv,v >:v € (H)1} and W(T*) = {< T*v,v >:v € (H)1} = {<v,Tv >:v €
(H)1}. Therefore, W (T™) will be made up of the conjugates of the elements of W (T"). Since the conjugate of
any complex number is the reflection of the number across the real axis, we see that W (T™) is the reflection
of W(T') across the real axis. |

Lemma 5. For all o € (C)1, « is an eigenvalue of S*.

Proof. Observe that for | a |< 1,a € C, we have (a’);=¢ € ¢?. Hence, we have

L]
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S*(1, a2, .- )= (a(aj)j=o) € £.
Therefore, « is an eigenvalue for S*. O
We now present two lemmas that will help us determine the numerical ranges of S and S*.

Lemma 6. S has no eigenvalues.

Proof. Spse, in order to obtain a contradiction, that X is an eigenvalue of S. Then 3 a vector v = (vg, vy, )
such that Sv = Av. By definition of S, this implies that
0= A\vg
Vg = A\U1
V1 = AUs

For this to be true, v must be the zero vector, which cannot be an eigenvector. Therefore, A is not an
eigenvalue for S. Since A is arbitrary, S has no eigenvalues. a

Propostion 3. W(S) = W(S*) and is the open unit disk in C.

Proof. By Lemma 5, we have that Vo € C such that | a |< 1, « is an eigenvalue of S*. Thus, by Lemma
3 above, a € W(S*). Since « is arbitrary, we see by Lemma 3 that the open unit disk of C is entirely
contained in W(S*). By Lemma 4, this means it is also contained in W(.S). Now suppose, in order to obtain
a contradiction, that Jv € (¢2); such that |< Sv,v >|=1. Then we have

1 = |<Sv,v>|
< [ Svellllvl
= | Sv|
< 1.
This implies |< Sv,v >|=| Sv |||| v ||, which can happen only when Sv = Av for some constant A. This

makes \ an eigenvalue of S, contradicting Lemma 6. Therefore, there exists no unit vector in £2 such that
|< Sv,v >|= 1. The same holds for S* by Lemma 4. By Theorem 5 and example 2, W(S) has no point
of modulus greater than 1, which implies that W (S*) does not have one. Therefore, W(S) = W(S*) = the
open unit disk in C. O

We will now consider the numerical ranges of normal operators. First, a few definitions.

Definition 14. Let T': H — H be a bounded linear operator on the Hilbert space H. Then T is normal
provided T*T = TT™*. /

Theorem 7. Let T : C* — C" be linear and suppose T is normal. Then C* has an orthnonormal basis of
eigenvectors of T )

For a proof, see [1].
Example 7. Let T : C? — C2? be normal. Then W (T) is the line segment connecting the eigenvalues of T.

Beca_b‘use T is normal, C? has an orthonornial basis of eigenvectors of T'. Let this basis be given by {51, 52},
where I_).l has a_u‘ssociated eigenvalue \; and by has associated eigenvalue \p. Let v € (C?);. We can write
v = aib; + azby, where a1, a3 € C, and | a; |? + | ag |*= 1. We have

<Tv,v> = < T(all;l + Oé252), a1b + Qsby >
= < Alalgl + A2a252,a151 + a252 >
Mo 24+ | a2 2.
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Since v was arbitrary, we see that
W(T) = {)\1 | aq |2 +)\2 | (6% I2Z 1,09 € (C, | a1 |2 + l (0%)] 12: 1}
Alternatively, we can let | a; |>=t so that | az |?>= 1 — t. Thus, we have
W(T) = {Mt+A(1—1):0<t<1}
= {)\2+()\1—)\2)t:()§t§1}.

Thus, W(T) is the line segment joining A; and As.
To tackle the more general case of a normal operator T': C* — C™, we need background on convexity.

Definition 15. A set A C H is called convexr provided that whenever x and y are points in A, the line
connecting x and y is in A as well.

Definition 16. The convez hull of a set A C H is the set of all convex combinations of elements of A; that
is, it is the set of finite sums t1z1 +toza + -+ + t,xy wherex; € A, t; >0, Y t; =1, and n is an arbitrary
positive integer.

Geometrically speaking, if A C H, the convex hull of A may be viewed as the smallest convex subset of
H that contains A. The next proposition will make this intuitive definition more precise.

Propostion 4. Let AC H. Then
convex hull(A) =nN{E: E C H is convex and A C E}.

Proof. First, we’ll show convex hull(A) is itself a convex subset of H. Let x,y € convex hull(A). Then for
Ti,Y; € AT = t1T1 + 12Ty + -+ +tnTy and y = S1y1 + S2y2 + -+ + SmYm, Where t; > 0,8, > 0,> ¢, =1,
and ) s; = 1. We wish to show that the line connecting z and y is itself in convex hull(A4). Note than any
point on this line is of the form rz + (1 — )y for r € [0, 1]. Now, let r € [0, 1] be arbitrary. We have

re+ (1 —r)y =r(tiz1 +taxe + - +tpzy) + (1 —7)(s1Y1 + S2y2 + - - + Sm¥Ym)

If the sum of the coefficients of the z;’s and y;’s is 1, this point will be in convex hull(A). We have

rtr+ Tt +(L—r)s1+ (1 —r)sa+-+(1—=7)syy = rt1+-+tn)— (L —7)(s1+ -+ Sm)
= r+(1-r)
1.

Therefore, [rz + (1 — r)y] € convex hull(A). Since r € [0, 1] is arbitrary , we see that the line connecting x
and y is in convex hull(A4). Therefore, since z and y were arbitrary, convex hull(A) is convex. Thus, we have

N{E:E Q"H is convex and A C E} C convex hull(A).

Now, let E be an arbitrary convex subset of H such that A C E. We wish to show that convex hull(4) C E.
We proceed by induction. First, consider {a1,a2} C A. Note that any convex combination of a; and as will
be of the form ta; + (1 — t)az, where 0 < ¢t < 1. This is simply the line segment linking a; and az. By
convexity of F, then, all convex combinations of a; and as are in E Because a; and ag are arbitrary, this
holds for any two element subset of A. j

Now, suppose it is true that the set of convex combinations of any n-element subset of elements of A
is a subset of E. We will show that the same is true for an arbitrary (n + 1)-element subset of A. Let
{a1,a2, -+ ,ant+1} be such a subset. We want to show that

tiar +te2a2 + - + tht1Gn41

3
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is in F for Z;l:ol t; =1,; >0. If t; = 1, we have nothing to prove. Otherwise, we have that t5 +t3 +--- +

tn+1 > 0 and observe we can rewrite the previous quantity as:

(4)

t t t
tiar + (L2 +t3+ - +tnga)( : : o

as + az +
tattat o Finid - tattatetiars o fattate e+ tag

Ant1)-
Note that now the sum of the coefficients inside the parantheses is 1, so that the sum inside the parantheses
is a convex combination of n elements of A. By hypothesis, it is then in E. Since
b1+ (b +tg+ o +tap) =1,
equation 4 is just a convex combination of two elements of E. By the convexity of F, this is in E. Therefore,
tia; +tgag + - +tht1an41

is in E. We therefore see by induction that convex hull(A) C E. Therefore,

convex hull(A) CN{E : E C H is convex and A C E}.
Finally, we have

convex hull(A) =nN{E : E C H is convex and A C E}.
O

Our only interest in convex hulls will be in those of finite subcollections of points in C. In general, to
construct the convex hull of a finite set, join each point to every other point with a single line segment.
Then the convex hull will be all these line segments plus the bounded regions they enclose. For example,
the convex hull of two points will be a line, while the convex hull of three points will be a triangle and the
region it bounds.

We will now consider some of the connections between convex hulls and numerical range.

Example 8. Let T : C* — C™ be normal. Then W(T) is the convex hull of the eigenvalues of T.

Since T is normal, C™ has an orthonormal basis of eigenvectors of T, call it {51, e ,b_,;}. Now, v € (C");
if and only if v = a1by + - -+ + apby, where |y |2 +---+ | a, |>= 1. We have

<Tv,v> = <T(aby+ -+ anbn), a1y + -+ anby >
= < )\10151 +~~+Anan5n,a151+---+an5n >
= M P++x]a)?.

Hence, we have
W) ={\la P +xnlan > e P+ 4 | an [*= 1}
Therefore, by definition, W (T") is the convex hull of the eigenvalues of T'.

2t 0 0
Example 9. Let T:C3 - C? be given by T=| 0 2 1 |. Then by Example 8 above, we have
0 1 2 '

W(T) = {2it1 +to+ 3tz : t1 +to +t3 = 1,t; > 0}.

This is the triangle whose vertices are at 1,3 and 21, the eigenvalues of T':
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0.5

We have seen that the eigenvalues of an operator T belong to W(T'). Recall also that eigenvalues are
“similarity invariant.”

Definition 17. The n X n matrices A and B are similar provided there exists an n X n invertible matrix S
such that S~'AS = B.

Similarity preserves certain nice properties of A and B. For example, as mentioned above, if A and B are
similar, they have the same eigenvalues. Although this result might lead one to think that similar matrices
have the same numerical range, this is not the case.

Example 10. Let A: C? — C? be given by A = _01 (1)
1 1

01

0 1
]. Then S~1 = [ 1 =1 ], and S~YAS = B. Thus, A and B

],letB:(Cz—HC2 be given by B = [ -1 2 },

andletS:(C2——>C2begivenbyS=[ 0 1

are similar. However, W (A) # W(B).

To see this, we will first find W(A). First, note that since A*A = AA*, A is normal with eigenvalues 1
and -1. Therefore, by Example 7 above, we have that W (A) is merely the line segment connecting 1 and
—1. However, this is not W(B). For example, let 7 € (C?); be given by ¢ = (%, %) Then we have
< Bv,¥ >= —i. Since this is in W(B) but is clearly not in W(A), W(A) # W(B). In fact, as will be seen
in the next lemma, W (B) is an ellipse with foci at its eigenvalues: 1 and —1. Its minor axis extends from
—1to 1.

We have now seen that the equivalence relation of similarity does not preserve numerical range. However,
the stronger relation of unitary equivalence does:

Definition 18. The n X n matriz U is unitary provided U*U = 1.

. .
Y 7
Example 11. Let T : C> — C2 be given by T = 0 1 0 . Then T is unitary.
1 .
07

Since we have a matrix representation for 7', 7™ is the conjugate transpose of T'. It is easy to check that
T =1=TT*.

Definition 19. The n x n matrices A and B are unitarily equivalent provided that there is an n x n unitary
matriz U such that U*AU = B

Propostion 5. Suppose A and B are unitarily equivalent n X n matrices. Then
W(A) = W(B).
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Proof. Since A and B are unitarily equivalent, there exists a unitary matrix U such that B = U*AU. Let
w € W(B). Then there exists v € (C™); such that < Bv,v >= w. We have

w = < Bv,v>
= <U*AUv,v >
= < AUv,Uv >.
Since unitary matrices act as isometries (||Uv||? =< Uv,Uv >=< U*Uv,v >=< v,v >= ||v||?), Uv is a

unit vector since v is. Therefore, w € W(A). We then have W(B) C W(A). A similar argument shows
W(A) C W(B). Therefore, W(A) = W(B). a

Suppose T': C* — C™ is linear, and that A is the matrix for T relative to one orthonormal basis for C*
while 7" is the matrix for T relative to another orthonormal basis for C". Recall from linear algebra that
these matrices A and B are unitarily equivalent. Thus, by Proposition 5, if we seek W (T'), we may work
with a matrix for T relative to any orthonormal basis of C™ we wish.

The proof of the following lemma is an adaptation of an argument appearing in [2].

Lemma 7. Let T : C?2 — C? be linear. Then W(T) is a “filled-in” ellipse whose foci are the eigenvalues of
T.

Proof. Let u; be a unit eigenvector for T' corresponding to the eigenvalue A\;. Take any unit vector us
orthogonal to u; to yield an orthonormal basis {u1,us} for C2. Then the matrix for T relative to this basis

1S
A
M; = [ 0 a ] .

Now set ¢ = (A1 + a2)/2 and note Ma = M; — cI has the form

_ —b (e 3]
M2 - [ 0 b :l )
where b = % — %L If we show (W (Mz)) is an ellipse E, then W(M;) will be the ellipse E + ¢, that is, the

ellipse that results from translating E by c¢. Now, let b = de*® and let

M3=e*“’M2=[“g 5]

where d = |b| > 0 and 8 = e~ *ay. If W(Ms3) is an ellipse E, then W (M,) is the ellipse {¢z : z € E} (i.e.,
the ellipse that results when E is rotated through the angle 6). Now, let 3 = se'®, where s > 0 is |3]. Set

, —d
' M“:[ 02]

and note the My is unitarily equivalent to Mj:

e™® 0 e’ 0
o= [ o 3] [ % 7]
By the proposition above, W (M) = W(Ms3). Thus if W(My) is anvellipse, so are W (M3), W (My), W (M)

, and W(T).
Now, letting b = %s and choosing a such that d = v/a? — b2, we have

—va? =2 2b
[ 0 m]

My =
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Let My = M. Claim that W(M) is the ellipse with boundary equation % + %; = 1. Now, letting
v = (A1, A2) be on the unit sphere of C2, we have

<Mv,o> = —va2— B2\ )2+ 2bAo; + Va2 — b2\
Va2 —b2(= |\ [2 + [Aal?) + 26002
VaZ = b2(=| A1) = [Azl? + 2| A2|2) + 2622 X1
—v/a2 — b2 + 2bAg)1 + 2| X2|2V a2 — b2

Letting |A2| = r, we have

< Mv,v >= —V/a2 — b2 + 2bry/1 — r2e' + 2r2y/a2 — b2,

where t = arg(\z) — arg()\;). We will show that as r ranges from 0 to 1 and ¢ ranges from 0 to 2,
f(r,t) := —va2 — b2 + 2brv/1 — r2e™ + 2r%+/a2 — b2

covers the ellipse % + }bi:- =1 and its interior.
Plugging the real and imaginary parts of f(r,t) into %z— + 1,,%2-, we obtain
(—vVaZ — b2 + 2brv/1 — r2cos(t) + 2r2va2 — %)% (2brv/1 — r2sin(t))?
a2 + b2 .
A calculation shows that the preceding quantity equals

a® — ((2rv/a? — b2 cos(t) + bv/1 — 12)y/1 — 12 — br?)?
P

a

(®)

b

which is less than or equal to one. Thus every point in the image of f belongs to the ellipse 2—: + %; =1or
its interior. Note now from (5) that a point on the boundary of the ellipse is taken on precisely when

((2r\/a7;_b§cos(t) + bM)m —br?)? =0,

that is, when

r2 —
©) cos(t) = QT\/f(_Q—rz\/(%'

Now a little calculation shows that the right hand side of the preceding display increases from -1 to 1 as

r varies from 4/ {=Y2"=t%) ”z‘fl—b) 4o o LS L0 “,Zl_b. Thus for each r in this closed interval, {f(r,t) : t € [0,2n]}
is a circle that hits the boundary of the ellipse for ¢ satisfying (6). The point on the ellipse hit when

p o o) HEzvETF) ”2‘22_") is the point (—a,®); the point hit when r = e ol 31 'Zl—b) is (a,0). A preservation-of-

connectedness argument shows every other point on the ellipse’s boundary is hit.

To see that every point in the interior of the ellipse is also in W(T'), observe that f(0,t) = —v/a? — b2
and f(1,t) = va? — b? for any t. Thus both foci are hit. Take a point P in the interior of the ellipse that
is not one of the foci. Draw a vertical ray from the z-axis through P; this line hits the ellipse at a point s.
As we have shown, s belongs to the circle Cy, := {f(ro,t) : t € [0,27]} for some 7o between 1/ ave o) ';a-b)
and 4/ {at¥a=b%) “2‘;—“. Because Cj, has center on the z-axis, an elementary argument using the Pythagorean
Theorem shows that P is in the interior of C,. Let r, = sup{r € [0,7¢] : P is not inside the circle C.}.
Note 0 is in the set since Cj is the left focus of the ellipse. By continuity of f, the point P belongs to
{f(r«,t) : t €]0,27]}.

O
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We have now seen that the numerical range of a linear operator of C2 is a filled-in ellipse, which is a
convex set. We have also seen that the numerical range of a normal operator on C" is convex. Our goal is to
show that that the numerical range of any bounded, linear operator is convex. To do so, we will first need
a few definitions and lemmas.

Definition 20. Let M C H be a subspace. Then M+ ={h€ H:h L mV m e M}.

Theorem 8. Suppose M C H is a closed subspace and let h € H. Then there exist unique hp; € M and
hpre € M* such that h = hpr + hpyo.

Proof. We limit ourselves to the case in which H is finite-dimensional. This of course implies that M is

finite-dimensional as well. Therefore, we can construct an orthonormal basis mi,ms, -+ ,m, for M and
extend it to an orthonormal basis for H : {mq,--- ,mp,e1,€2, - ,er} see [1]. Now, let h € H. Then we can
write

h = <hmi>m+<hmya>mg+---+<hm,>m,+<h,e;>e;+---+<h,e, > e

n k
Z<h,m¢>mi+z<h,ej>ej.

i=1 j=1

Since Y i, < h,m; > m; € M while ZLI < h,e; > e; € M+, we have shown that an arbitrary element of
H can be decomposed into the sum of a vector in M and a vector in M+. To see that this decomposition
is unique, first suppose that it is not. Then there exist hps,vpr € M and hpo, vy € ML such that
h=hp + hpe and h = vpr + vy We have

hy +hpye = vy +oppe

hM —UM = Upyt — hMJ_.

But since hps — vy € M and vpr — by € M+ by the closure of subspaces under addition, we have that
har — vas is perpendicular to itself; that is, we have that

< hpy — vy, hy — o >=0.
But by the second property of Definition 1, this implies hps — vpr = 0. Therefore, hyy = vpr. A similar

argument shows vp;1 = hpro. The decomposition is unique. Observe too that our proof of uniqueness does
not depend on our assumption that H is finite dimensional. O

Definition 21. Let M C H be a closed subspace of H. Define Pyy : H — M by Py h = hyy, where hpy is
the unique element in M such that h — hpy is in M~. Py is called the orthogonal projection of H onto M.

Propostion 6. Let M be a closed subspace of H. Suppose Ppy : H — M. Py is self-adjoint. That is,
P = Py
Proof. Let v,w € H. By Theorem 8, there exist vas, wps € M and vpso, wprr € M~ such that v = vy vy
and w = wpr + wpsr . We have

< Pyv,w> = < Py(vpr+vpge),wpr +wppe >
< Up,Wr +Whpre >

= < Up,Wp > .

Similarly,
<v,Pyw> = <wvy+uopys, Pulwy +wpa) >
= <Upm +UpL, WA >
= < Upm,Wp > .
Therefore, Py, = Pas. O
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Theorem 9. Let M be a proper closed subspace of H such that {0} # M, and suppose Py : H — M. Then

Proof. Let h € (H);. By Theorem 8, there exist hpy € M and and hy;. € M* such that h = hp; + hpe.
Note that

Il

< Pprhyh > < Pr(har + hage ) har + hpre >

< hprryhpr + hppe >

1harll?.

Since [|ha||? < ||harll? + ||hage||? = 1, it is clear that W (T') has no element greater than 1. Also, note that
1 € W(T) by choosing h € M. Note as well that 0 € W (T') by choosing h € M. To see that W (T) = [0, 1],

let € (0,1). Choose hyr € M. Observe then that ﬂ%’”hM € M. Now choose hyp;1 € M+ and note that

M=ep e ML Lethy = “h—‘/j”hM -+ ”—mhMJ_ and observe that h; is a unit vector. We have
M

Mrag
Va Vo Vi-a

< Pyhi,hy > = < har, ha + hare >
[haell " Al Y
va oo
= Y bl
e
= o
Thus a € W(T'). Therefore, since o was arbitrary, we see that W(T') = [0, 1]. O

We might also have given a proof of the preceding theorem based on Proposition 6 and Example 8.

Definition 22. Suppose M C H is closed and that T : H — H 1is bounded and linear. Let Thy : M — M be
the linear operator given by Thrg = PyTg for all g € M. T is called the compression of T onto M.

It’s easy to check that ||Tas|| < ||T||. Also, note Thr = PyT |-
Lemma 8. Suppose M C H is closed and that T : H — H is bounded and linear. Then W (Tns) C W(T).
Proof. Let o € W(T). Then there exists a v € (M) such that o =< Tprv,v >. We have
a = <Tyv,v>

= < PyTv,v>

= < Tv,Pyv> (Puy is self — adjoint)

= & Tv,u>,
where the last inequality comes from the fact that v € M. Thus, @ € W(T'). Therefore, W(T) C W(T). O
Theorem 10. Toeplitz-Hausdorff Theorem. Suppose T : H — H is bounded and linear. Then W(T) is

convex.

Proof. Let o and S be distinct points in W(T'). Then there exist hq, ho € (H); such that @« =< Thy, h; > and
B =< Thy,hy >. Let M = span{hy,ha}. Recall that this means M is the space of all linear combinations
of hy and hy. Clearly hy and he in particular are in M; in fact they are in (M);. We will show that
a,B € W(Tw), where Thy : M — M as in Definition 22. We have
< TMhl,hl > = < PMThl,hl >
= < Thy,Pyhy > (Puis self — adjoint)
= <Th1,h1> (h]EM)

(028
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Thus, o € W(Tas). A similar argument using hy shows 8 € W(Ths). We will now use Lemma 7 to show
that W (Tar) is a solid ellipse. To see this, we first show {h1, ho} is linearly independent. Suppose there exist

non-zero ¢y, ¢y € C such that ¢1h; + coho = 0. Then ¢;h; = —cyhy. Therefore,
lei* = lealllhal?
= e
= llezhe|?
= |eof”.
We have
|01|2a = < Tc1h1,01h1 >

< T02h2,62h2 >
|Cg|2 < Thz,hQ >

= e’

= l|al’B,
so that (o — B)|e1|? = 0. Since a # B, we conclude ¢; = 0 = ¢, so h; and hs are linearly independent.
Since {h1, ha} spans M, {hy,hy} is a basis for M. Thus, we see that M is two-dimensional. Let A be the
matrix for Ty relative to an orthonormal basis {e;1,e2} of M. We can then view A as a linear operator on
C? in the usual way. As we discussed after the proof of Proposition 5, W (T) = W(A). By Lemma 7, we
see then that W(A) is a solid ellipse, so W(Ty) is as well. Therefore, the line segment joining o and 3 is in

W (Tn). Since W(Tp) € W(T) by Lemma 8, this line segment is also in W(T'). Therefore, since o and
were arbitrary, we have that W(T') is convex. O

Principal Results.

Recall that given a linear operator T': H — H, we wish to find a subspace M of largest dimension such
that W (Tr) is a single point. Unless otherwise stated, for the remainder of this paper we willlet T': H — H
be linear, where H is finite-dimensional, and M is a subspace of H.

Before moving into more advanced work, we will look at a few simple cases. First, suppose M = H. The
following proposition holds:

Propostion 7. Let T : H — H. Then W(T') = {a} if and only if T = al, where a € C.
Proof. First, suppose W(T') = {a}. Then Vv € (H)4,

<Tv,v> = «

= a<vv>.

Thus, we have, Vv € (H)1,
<Tv,v>—-<av,v> =0
<Tv—-—av,v> =0/
<(T-al)v,v> =0,

which implies 7' — al = 0 by Proposition 2 since the final equality holds for all v € H once it holds for all
v € (H)y. Thus, T = al.
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Now, spse T' = o and let v € (H);. We have

<Tv,v> = <av,v>
= a<vv>
= o
Since v € (H); was arbitrary, we have W(T') = {a}. O

Thus, we can fully understand the case in which M = H. We have learned that only a scalar multiple
of the identity can have a one-point numerical range on all of H. Now we want to move on to studying
proper subspaces. Probably the simplest case to understand is that in which M is an eigenspace. If A is an
eigenvalue of T and M is the eigenspace associated with A, then clearly W (Ty) = {A}.

We now move on to consider situations in which the subspace is neither the entire space nor necessarily
an eigenspace.

Lemma 9. Suppose W(Tn) = {a} for a € C. Then Tyyv = avV v € (M);. (Observe that this implies a
is an eigenvalue of Tpr.)

Proof. Let v € (M);. We have < Tpv,v >= a, which can be rewritten as < Thv,v >=< av,v >, which
implies T)yv = av by Proposition 2. Od

Note that this does not necessarily imply that « is an eigenvalue of T':

Example 12. Let T : C* — C* be given by

W O = W
[ SR V)
W w wo
N N =

and let M = span{e1,e3}, where {e1,ea,e3,e4} are the natural basis vectors of C*. Observe W (Tys) = {3}.
While this implies that 3 is an eigenvalue of Thr, a calculation shows that 3 is not an eigenvalue of T

We would like to move on to bigger, more general results. For example, let’s find an M of larger dimension
than we have previously such that W (T)y) is a single point.

Example 13. Let T : C* — C* be given by

4 20 0 0
08 0 0
(7) T=100 -4 0"
00 0 2
and let
1 (1) 0
(8) M=span{| O || Z [|.| |}
0 % 0
0 0 1

Then W (Tar) = {2}.
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One can see this result holds by letting v € (M);. Then v = (vy,va, V2, v3), where |v1|? +2|va| + |v3|* = 1.
We have
<Tv,v> = < (2u1,8vy, —4ve,2v3), (v1,v2,v2,v3) >
2/v1|? + 8Jva|? — 4lva|* + 2|vs|?
= 2(jo1f* +2Jva|* + |vs|?)
2

Since v € (M) is arbitrary, we see that indeed W (T'as) = {2}. Moreover, note that the vector (0, —\}—5, %, 0) €
M, yet is not an eigenvector of 7. Thus, M is not an eigenspace.

Thus, it is possible to construct a subspace M such that W(T)s) is an eigenvalue of T, but M is not
an eigenspace. Would it be possible to construct a 3-dimensional M for our T" such that W (7)) is not an
eigenvalue? As we will see in the next theorem, the answer is no.

Theorem 11. Let T : H — H, and let M C H be a subspace such that dim M > % dim H. Suppose
W (Tn) = {a}. Then a is an eigenvalue of T. Moreover, a has multiplicity no less than dim M — dim M*.
Proof. Let v € M. Observe

Tv = PyTv+ PyrTv  (Theorem 8)
Ty + Py Tu
= oav+ Ppy.Tv,

where the final equality comes from Lemma 9. If we can find a vector v € (M), such that Py Tv = 0, we
will have proven « is an eigenvalue of T. Consider Py T|pr : M — M*. By a theorem from linear algebra,
we know

9) dim M = dim ker Py T|pr + dim range Py T|pr.
Note, however, that since M and M~ intersect only at 0, dim M + dim M+ = dim H. Since dim M >
%dim H, dim M > dim M+*. Thus, by Equation (9), we have:
dim ker Py T|pr = dim M —dim range Py T|ar
> dimM — dim M* > 0.
Therefore, there exists a non-zero vector v € M such that Py;. Tv = 0. Therefore, « is an eigenvalue of 7.

To see that o has multiplicity greater than or equal to dim M — dim M=, let n be the multiplicity of a.
Next, note that every basis vector of ker Py;1T'|5s is an eigenvector for T' corresponding to a. We have

n > dim ker Py, Ty
> dimM —dim M*.
Therefore, o is of multiplicity no les§ than dim M — dim M+, O

Corollary 1. Suppose « is an eigenvalue of T of multiplicity n. Then any subspace M such that W (Th) =
{a} can have dimension no larger than "rdmH

Proof. Let M be a subspace of H such that W(T) = {a}. If dim M < %dim H, the conclusion obviously
holds. Next, suppose dim M > %dim H. By Theorem 11 above, we have

dmM < n+dimM*t
n+ (dim H — dim M); thus,
2dimM < n+dimH, or

dm M < n + dim H
— 2 b

Il
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as desired. Od

Corollary 2. Let T': H — H, and let a be an eigenvalue of T'. Suppose that Mis the subspace of H of
largest dimension such that W (Ty) = {a} and dim M > dig—H-. Then there is no subspace D of H of larger
dimension such that Tp has a one-point numerical range.

Proof. We will argue by contradiction. Let a and M be as described above, with dim M = n. Also, let
g = dim H. Suppose there exists a subspace D of dimension p, with p > n such that W(Tp) = 3, where
B # a. Let {my,ma, - ,my} be a basis for M, and let {dy,d2,--- ,d,} be a basis for D. Since n+p > ¢,
there exist cy,¢2, -, Cntp, Dot all zero, such that

cimy + -+ epmp + cpprdy + -+ Cn+pdp =0.
This tells us
camy + -+ My = —(Cny1di + -+ + Crypdp),

which tells us M and D have a common vector. Note that this vector is non-zero because if it were zero,
{e1,¢2,+ - enyp} would all be zero by the linear independence of {mj,mg,--- ,my,} and {di,ds,--- ,dp}.
Normalizing this vector shows us that (M); and (D); have a common vector, call it v. Therefore, we have

a = < PyTv,v>
= <Twv,Pyv >
= <Twv,Ppv>
= < PpTv,v>
= B,

a contradiction. Therefore, M is the largest subspace of H such that T, has a one-point numerical range. O

Sometimes it happens, however, that 7" has no eigenvalues with an associated M of dimension greater
than %dim H. For instance, consider Example 12 above. All the eigenvalues of 7" in this example have
multiplicity 1, which means their associated spaces M can have dimension no larger than 2. Can we use this
information to put a general bound on the dimension of subspaces M such that W (Tys) = {a}?

Corollary 3. Let dim H = n and suppose T': H — H has n distinct eigenvalues. Then H has no subspace
M of dimension larger than d‘—miliii such that Tas has a one-point numerical range.

Proof. We will argue by contradiction. Suppose there exists a subspace M of H such that dim M > d‘ifi

and W(T)s) = {a} for @ € C. Then by Theorem 11, « is an eigenvalue of 7. Since T has n eigenvalues,
a has multiplicity 1. Thus, by Corollary 1, M can have dimension no larger than d"“#, contrary to our

hypothesis. Therefore, H can have no subspace M of dimension larger than % such that W(T)) =
{a}. O

Let’s look at a few examples using this idea of bounding the size of M. To assist us, we will want another
theorem.

Definition 23. Let T : H — H. We say « is a corner point of W(T') provided that W (T) is contained in
the area bounded by two rays forming an angle of 180 degrees at their common vertex c.

Lemma 10. Spse T : H — H and W(T) is a line segment. Then T is normal.

Proof. Spse W(T) is the line segment with endpoints a and S, for o, 8 € C. Then W(T — al) is the line
segment connecting 0 and (B — a). Now, let 8 be the angle this line segment makes with the real axis, and
let Q@ = e (T — al). Then W(Q) is a line segment on the real axis with one endpoint at 0 and length
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|8 — a|. Thus, W(Q) C R. Therefore, for all v € (H);, we have < Qu,v >=< v,Qu >. Claim that this
implies Q@ is self-adjoint. To prove the claim, observe that for all v € V, we have

<Qu,v> = <v,Qu>
<Quuv>-<Qwuv> = 0
<(Q-Q%uv> = 0,

which implies Q = Q* by Propsition 2. Thus, @ is self-adjoint. Since
Q=e"T-al)

and

Q" =1 —al),
we have

e (T* —al) = e (T — al),
which implies
T* = e 2T — ol) + @l.

Clearly, then, TT* = T*T, so T is normal. O

Theorem 12. Suppose c is a corner point of W(T'), and suppose v € (H); is such that c =< Tv,v >. Then
Tv = cv; that is, ¢ is an eigenvalue of T with associated eigenvector v.

Proof. By Theorem 8 and Lemma 9, we know that there exist v € C and w € (H);N < v > such that
(10) Tv = cv + yw.

(Here, < v > is the one-dimensional subspace spanned by v. Let M = span{v,w}. Thus, we know W (T))
is an ellipse contained in W(T'), and we know ¢ € W (Ts). Since c is a corner point, we know W (7T/) must
be a degenerate ellipse, i.e, a line segment. Thus, T, is normal by Lemma 10. This means that since c is
an endpoint of W(T/), ¢ must be an eigenvalue of Tys. Now, either W (T}) is a degenerate line segment or
it has positive length. If it is degenerate, we have W (Tys) = {c}. By Lemma 9, we have Th;v = cv. But by
Equation 10, we now have

cv = Tyv
= PMT’U
= Pu(cv +w)
= cv+yw,

since (cv + yw) € M. Thus, we have v = 0, so by Equation 10, we have Tv = cv. Thus, c is an eigenvalue
of T with associated eigenvector v.

Now suppose W (T'ys) has positive length. Let § be the other endpoint of the line segment. By Example
8, c and 0 are eigenvalues of Ths. Now suppose that for v; € (M);, we have

Ty = cvy,
and that for w; € (M), we have
TMU)1 = 6w1.

Because eigenvectors corresponding to distinct eigenvalues of normal operators are orthogonal, {vy,w;} is
an orthonormal basis of M. Then there exist a, 3 € C such that

v = av; + Bw;.
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We have

c = <Tv,v>

< T(owy + Bwi), Pu(avy + fwy) >
< Ty (avy + Bwy), vy + Pwy >

< acvy + Béwy, avy + Pwy >

= |a’c+|B/%.

Il

Il

For this equality to hold, |a|? must equal 1, so that 8 = 0. So, we have

v = av + Pw;
= ewvl.
Thus, we have
TM’U = TM(ewvl)
= e%Ty(vy)
= c(e'v;)
= cv.
But
Tyv = PM(C’U + 'yw)
= (cv+yw),
so we have that v = 0. Thus, Tv = cv, as desired. O

We are now in a position to look at a few specialized examples of bounding the size of M.

Example 14. Let T : C* — C* be given by

1 0 0 O
0 -1 0 O
= 0 0 ¢+ O
0 0 0 -1

—~

Then the subspace M of largest dimension such that W(Thr) is a single point does not correspond to an

eigenvalue of T'.

Clearly, the eigenvalues of T are;1,—1,4, and —i. Let o be any of these, and suppose there exists a
two-dimensional subspace M = span{hi, ho} for hi, he € (M); such that W(Ty) = {a}. Clearly, then, we
have

a = <Tyhy,hy >
= < Thy,h1>.

Now, since T' is normal, we have by Example 8 that W (T') is the’convex hull of the eigenvalues of T'. It
is easy to verify that « is a corner point of W(T'). Therefore, by Theorem 12, h; is an eigenvector with
associated eigenvalue a. A similar argument shows that ho is as well. Note that this means h; and hy are
linearly independent. They are also linearly independent from the eigenvectors associated with the other
three eigenvalues of 7. This means we have at least 5 linearly independent vectors in C*, a contradiction.
Therefore, an eigenvalue can have an associated subspace M of dimension no greater than 1.

L]
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We will now show that there exists a two-dimesional M such that W (Tys) = {0}. Let M = span{hs, ha},
where h3 = (%, \—}-5,0,0) and hg = (0,0, 2=, 2%=). It is easy to check that < Ths, hg >= 0 =< Thya, hy >.

’ ﬁa ﬁ
Now, let (mhgz + nhy) € (C*); for m,n € C. We have
< T(mh3 + TLh4), (mh3 + nh4) > = < Tmhgz,mhy >+ <Tmhg,nhy > + < Tnhy, mhs > + < Tnhg,nhyg >

= |m|? < Ths,h3 > +|n|> < Thy, ha > +ma < Th, hy > +nm < Thy, hz >
= mna < Ths,hy > +nm < Thy, hz >
= 1,

since it is easy to check that Tmhs €< hy >* and vice versa. Thus, W (Tys) = {0}, as desired.

Note, then, that the subspace M of largest dimension such that W (Ta) = {a} need not be such that «
is an eigenvalue. We now turn to an example with an extremely small M.

Example 15. Let T : C2 — C3 be given by

241 0 0
T= 0 3 0
0 0 2-57:

Then if M is a subspace of C* such that W(Tn) = {a}, dimM =1.

This can be easily verified without doing any calculations. Note that if M is such that W (Ty) = {a}, and
if dim M > 1, @ must be an eigenvalue of T' by Thereom 11. But, by the paragraph immediately following
Example ?? above, we see that since a has multiplicity 1, dim M = 1.

We have now seen a few ways to put upper bounds on the size of the dimension of a subspace M yielding
a compression with a one-point numerical range. The next question is, if one has a subspace M smaller than
the bounding dimension, how can one augment this M to obtain, if possible, a subspace of larger dimension
with the same numerical range? We now address ourselves to finding answers. First, a definition.

Definition 24. Let M be a proper subspace of H. Then for w € H such that w is not in M, we define
M v {w} to be the subspace generated by M and w so that M V {w} ={aw+ pv:a,8 € C and v € M}.

One convenient way to augment a vector space in this fashion is to choose w € M*.

Theorem 13. Let M be a proper subspace of H such that W(Tn) = {a}. Suppose w € (M=), such that
< Tw,w >=a. Let D =MV {w}. Then W(Tp) is a single point if and only if < Tv,w >= 0 =< Tw,v >
forallve M.

Proof. Suppose < Tv,w >=< Tw,v >=0 for all v € M. Let ¢c;v + cow € (D); for some v € M. We have
<Tp(civ + cow),civ+cow > = < T(c1v+ cow),c1v + cow >
=, <Tcav,qv > + < Tcow,cow > +c1¢3 < Tv,w > +co€y < Tw,v >
= af|a|®*+|e2l?) (by hypothesis)
= a (since ;v + cow € (D))
Since c1v + cow is arbitrary, we have that W(Tp) = {a}.

Now, suppose W (Tp) = {a}. Let v € M and c¢1,co € C\{0} be arbitrary such that c;v + cow € (D);.
We have _
a = <Tp(cv+ caw),(crv + CQ'LU’) >
= a+cce <Tv,w>+cocy < Tw,v >,
which implies
(11) c1Cy < Tv,w > +cg¢; < Tw,v >= 0.

v

/
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Now, observe that for c;v + icow € (D)1, we have
a = <Tpciv+icow,c1v + icow >
= a—c16i < Tv,w > +icet; < Tw,v >,
which implies
¢ico < Tw,v > —Cc; < Tv,w >=0.
Adding this equation to equation 11, we see that
2¢coC1 < Tw,v >=0,

or < Tw,v >= 0. Plugging this value into equation 11, we see that < Tv,w >= 0 as well. O

We now have a way to work toward finding subspaces M of larger dimension. Used in conjunction with
Theorem 11 and its corollaries, it will often allow us to find, beyond any doubt, the subspace M of largest
dimension such that W (Tyy) is a single point.

Example 16. Let T : C2 — C? be given by

3 1 0
T=|% 0 -3
2 3 1

Find the subspace M of largest dimension such that W (Tar) is a single point.

Observe that 3 is an eigenvalue for T with associated eigenvector v = (%, 0, %) Moreover, it is easily

verified that the eigenspace associated with 3 is simply the space M = span{v}. Clearly W(Ty) = {3}. We
can use Theorem 14 to augment M to find a two-dimensional space D such that W(Tp) = {3}. We must
find a vector w such that the following conditions hold for all m € M:

L ol = 1;
2. <m,w >=0;

3. <Tw,w >=3;

4. <Tm,w >= 0; and

5. <Tw,m >=0.

For Equation 2 to hold, it is easy to see that w = (wy, w2, —w;) for wy,ws € C. Since V. m € M, m is an
eigenvector of T', this will also ensure that Equation 4 holds. Observe that we may rewrite Equation 5 as
<w,T*m >= 0. Now, let m € M \ {0}, so m = (b,0,b), where b # 0. We have

0 = <w,T"m>
w; 3 -3 2 b
= < (P | =1 0 -3 0 >
—wi 0 % 1’ b
w1 5b
= < Wo 5 —44b =
—wW1 b )

= Bb(dw; + diw,),
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which implies w; = —iw,. We now have w = (—iws, wa, 1w3). Because w is a unit vector, we have

1= \/3|w2|2,

or |we| = % If we let wy = %, we have

( - 1 4 )

w=\—7 7= =)

V3 V33

It is easy to verify that this w does indeed satisfy all five equations. Let D = M V span{w}. By Theorem
13, we have that W(Tp) = {3}. Can we find a subspace E of larger dimension such that W (Tg) = {3}?
It easily verified that 3 is an eigenvalue of multiplicity 1. Therefore, by Corollary 1, there exists no such

subspace E. In fact, we can go further and say there exists no subspace E of larger dimension such that
W (TE) is a single point. If dim M = 3, then T' = 31 by Proposition 7, which is clearly false.
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